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Abstract—A linear perturbation method is used to solve the two-dimensional heat conduction problem in
which a liquid, initially at the melting temperature, becomes solidified by heat transfer to a plane mold the
temperature of which is approximately uniform, but contains a small sinusoidal perturbation in one space
dimension. Results are obtained for the consequent sinusoidal perturbation in the melt/solid boundary as
a function of time and for the temperature distribution throughout the solid shell. These results are
expressed in terms of a series of confluent hypergeometric functions which shows good convergence for
practical values of material properties and temperatures. The inverse problem, in which the melt/solid
boundary is prescribed and the mold temperature is to be determined, is also briefly discussed.

1. INTRODUCTION

THE PROBLEM of heat conduction in a body with melt-
ing or solidification—also known as the Stefan prob-
lem [1]—is of considerable practical importance,
because of applications to the processes of casting,
welding and the formation of ice.

The motion of the boundary between the solid and
liquid phases makes the problem inherently nonlinear
and hence only the simplest boundary value problems
can be treated by analytical methods [2, 3]. Neu-
mann’s solution [4] to the one-dimensional problem
of solidification in a semi-infinite region remains one
of the few exact solutions available. Approximate ana-
lytical solutions have been obtained by a variety of
techniques, such as the use of the heat balance [5],
variational [6], and embedding methods [7]. Also,
many problems have been investigated by numerical
methods, notably the finite difference [8, 9] and finite
element methods [10, 11].

In the casting process, solidification is effected by
the transfer of heat from the melt through the mold
to the surroundings. Thus, solidification starts at the
mold surface and a shell of solidified material grows
from this surface towards the center of the casting.
The growth of this shell is often found to be non-
uniform [12], even in nominally one-dimensional
solidification, in which case residual stresses will be
developed tending to produce waviness in the nomin-
ally plane cast surface. This non-uniform shell growth
could be a response to a pre-existing nonuniformity
in mold temperature, but Richmond and Huang [13]
have noted that the mold temperature itself is also
influenced by the contact conditions between the shell
and the mold. Thus, it is possible that a small spatial
perturbation in mold temperature could be unstable,
due to thermomechanical coupling. Instabilities of
this kind have already been reported for the one-

dimensional conduction of heat across an interface
between two thermoelastic half-spaces [14].

In this paper, we investigate heat conduction prob-
lems in which one-dimensional solidification is per-
turbed by the superposition of a small spatial sinu-
soidal variation in temperature parallel to the plane
of the mold surface. In particular, we shall obtain
solutions for the temperature field and the advance of
the solid/melt boundary for the case where the molid
temperature varies sinusoidally with position. We also
briefly discuss the inverse problem, in which the solid/
melt boundary has a prescribed sinusoidal shape as
a function of time and the corresponding mold tem-
perature is to be found. The solution is developed
by linear perturbation of Neumann’s solution [4] for
planar solidification. Perturbation methods have pre-
viously been applied to the solidification problem by
Pedroso and Domoto {15] and Mullins and Sekerka
[16].

2. MATHEMATICAL FORMULATION

We consider the two-dimensional problem of a
liquid initially at its melting temperature T, in the
half-space y > 0, in perfect thermal contact with
a plane mold at y =0, the temperature of which
F(x, t) (<T,) is a prescribed function of one space
coordinate and time, ¢. After a time ¢, the liquid solidi-
fied near the mold forms a solid shell of thickness
h(x, 1). Thus, h(x, ) defines the moving interface be-
tween the solid and liquid phases as shown in Fig. 1.
We assume that the density p, thermal diffusivity %,
conductivity K, and specific heat ¢ of the solid phase
are constant, independent of temperature and time.

The temperature of the solid T'(x, y, ) must satisfy
the heat conduction equation
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NOMENCLATURE
A,a,b  arbitrary constants Y dimensionless coordinate, y/,/(4k?).
A,,...,E, coefficients in series solution
¢ specific heat Greek symbols
F(x,t) mold temperature . ion (27
h(x,t) thickness of solidified material x sep.';ga.t ton cf? ns;;m't, see f:quatlon (. )
H dimensionless thickness of solidified bn ;g:m cients for /1, 1n series expansion
material, (mh) . , ,
HT tion (46) A material constant in Neumann’s
k :lele equla di(:il‘l (. it solution defined by equation (7)
X cof:i?litivi t;sm y A material constant, (L/c)
L latent heat of fusion f gie;ilrtlzionless time, (m2kt)
Z’ gﬁ?f;:irozf g;l)u soidal perturbation 0] confluent hypergeometric function.
s integral transform parameter )
¢ time Subscripts
T(x,y,?) temperature 0 zeroth-order term
T, melting temperature 1 first-order term.
AT, mean temperature difference between
mold and liquid, (T,— T% Superscript
w see equation (38) * coefficients of prescribed mold
X,y spatial coordinates temperature.
VT = 1oT ! and the problem reduces to Neumann’s problem, with
kot ) the well-known solution [4]
and the boundary conditions To(2) = AT, ot ( y )+ - ®
TGeh 1) = T %) A T AWy A
or oh
K5, @ ht) = Lpo (x,0) 3) ho(t) = A/ (4kt) (©)
T(5,0,1) = Fix. 1) @ where AT, = T,,— T% and A is a dimensionless con-

where L is the latent heat of fusion of the material.

Equation (2) states that there must be continuity of
temperature at the solid/melt interface, while equation
(3) defines an energy balance between the heat con-
ducted away from the interface into the solid and the
latent heat released during solidification. The tem-
perature of the solid/mold interface is prescribed by
equation (4).

In the special case where the F(x, f) is a constant
(= T?Y), the temperature becomes independent of x
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FIG. 1. Geometry of the system.

stant determined from the equation

CA TO
L=

which is derived from boundary condition (3). For
the case of the freezing of water by conduction of
heat to the surroundings a few degrees below the
freezing point, A is small. However, for materials with
high melting points, such as metals and rocks cooled
by contact with a surface near room temperature, 1 is
typically in the range 0.5 < A < 1 {4].

We now consider the case in which the prescribed
mold temperature is of the form

Aeterfd =

™

F(x,t) = T§+ T¥(t) cos (mx) ®

where the second term defines a small sinusoidal per-
turbation on the constant temperature, T4 Notice
that the perturbation must be small in comparison
with the temperature difference between the melt and
the mold, i.e. TH(t) «< AT,.

We anticipate a corresponding small perturbation
in the temperature field and the thickness of the
solidified layer, which can be expressed through the
equations
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T(x,y,8) = To(y, 1)+ T:1(y, 1) cos (mx) ;
To(y, ) =T8> Ti(,0) ®
h(x, 1) = ho()+h\(f) cos(mx);  ht) > hy(2). (10)

Substituting these equations into equation (1) and
separating periodic and uniform terms in x, we obtain

2T, 18T,

o ko (h
0T, . _ 10T
M= 12

Since the perturbation is small, we can expand the
temperature field in the vicinity of the mean solid/melt
interface position, y = h(?), in the form of a Taylor
series, in which case boundary condition (2) can be
written as

To(ho, )+ a—To—(Mh 1 () cos (mx)
0% To(ho, £) 3(D) cos? (mx)
e T St [Tl(ho,t)
+ a—Tllyhl(t) cos (mx)+-- ]cos (mx)=T,. (13)

Separating periodic and uniform terms and drop-
ping second-order and product terms in the small
quantities, T',, 4,, we obtain the two first-order equa-
tions

To(ho,) =T, 14
hy(2) a—T"—gy"i’—) +T(ho, 1) =0. (15

A similar procedure applied to boundary condition
(3) also yields the two equations

aTo(ho, 1) dho(?)
Oy =Le dt (16
oTiho ), 62T0(h0, 9 dhy(0)
K[ 3 +hy(®) ]_LPT' an

Finally, the solid/mold boundary condition (4),
with equation (8), gives the two equations

To(0,1) = T} (18)
T,0,1) = T(®. (19)

Governing equation (11) with boundary conditions
(14), (16), and (18) are clearly identical to those of
the classical Neumann problem and hence T, A, are
given by equations (5)—(7). The remaining equations
(12), (15), (17), and (19) then define a corresponding
problem for the perturbed quantities, T, 4,.

We note that if the expansion of equation (13) had
been taken to include second-order small quantities,
equation (14) would include a term involving T, and
it would also be necessary to introduce a further per-
turbation term varying with cos (2mx). Thus, for
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larger perturbations, the mean advance of the solid/
melt interface deviates from the Neumann solution
and the perturbed shape of the solidified shell ceases
to be sinusoidal.

2.1. Dimensionless formulation
Before proceeding to the solution for T, A, it is
convenient to introduce the dimensionless variables

I 4
NIC )
=m*kt
= mh(x, 1)
= Hy(1) + H,(7) cos (mx).

H(z,mx)
(20)
Governing equation (12) for T',(¥, 1) then becomes
127,

47 9Y?
and boundary conditions (15), (17), and (19) become

@n

2@ -

T,(4,7)+A N 22)
aT‘ S5 A 0-247 dH ‘(’) 2A}.2H\'/(:) =0 (23)
T,(0,7) = T¥(®) 24)

respectively, where A = L/cis a material constant with
the dimension of temperature and the terms involving
T, in equations (15) and (17) have been simplified
using equations (5)—(7).

We can eliminate H,(t) in equations (22) and (23)
to obtain

aT,
7 @D+ AA+20T, (4, 7)

2t aT1
+ —_—

(). 7)=0. (25)
Thus, the problem is reduced to the determination of
a function T',(Y, 1) which satisfies equation (21) and
boundary conditions (24) and (25), after which the
unknown profile of the solid/melt interface can be
recovered from equation (22).

We first seek particular solutions to equation (21)
in the separated variable form T',(Y, 1) = f(Y)g(z).
With some rearrangement, equation (21) can then be
written as

fr+2Yf"  4u(g +g)
f g
where a prime denotes the derivative with respect to
the appropriate argument. Since the right- and left-
hand sides of equation (26) have different independent
variables, both sides must be equal to a constant a.
Hence we have two ordinary differential equations

g =9(af4c—1) 4))

(26)
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ST 2Yf —af =0 (28)

with solutions
g(®) = Ade " 1%/
= a®(—a/4,1/2; —Y?)
+bYD(1/2—a/4,3/2; —Y?) (30)
= V[a®(1/2+a/4,1/2; Y?)
+bY®(1+2/4,3/2; Y% (31)

where @ is the confluent hypergeometric function [17]
and A, a, b are arbitrary constants.

A more general solution can now be obtained by
superposing solutions of this form, treating « as a
parameter. For example, writing n = o/4, we can
define a solution to equation (21) in the form

29
f(¥)

T\(Y,7) =e ") Y 2[4,0(1/2+n,1/2;Y?)

n="0
+B,YO(1+n,3/2; YD) (32)

where A4, and B, are unknown constants to be deter-
mined from boundary conditions (24) and (25). We
note that the first hypergeometric function in equation
(32) can be written in terms of an Hermite polynomial
using [17], 13.6.17.

2.2. Direct problem—prescribed T¥(t)

We consider the case where the perturbed tem-
perature at the solid/mold interface varies expo-
nentially in time and sinusoidally in space, i.e.

TH(x) = (33)

where F, is a constant with the dimensions of tem-
perature and p a dimensionless constant. The par-
ticular case in which 7'} is independent of time can be
recovered by setting p = 0. Equations (24), (25), and
(32) then yield

F,(1+p)"
n!

Fi(1+p)"
n!

A, = (349

B, = & (3%)

for constants A,, B,, where the new constants C, are
defined through the recurrence relation
C,=[2nWn—1/2,1/2)+2niW(n,3/2)C,_,
—(A4+pQRr+1)W(n+3/2,1/2))/
RA+p)(n+DAW(n+2,3/2)] (36)

and
Com - (A+1/2) a7
e ¥+ l/zf(zz+ 1/A) erf A
Wi(a,b) = ®(a, b, 12). (38)

The amplitude, H(r), of the sinusoidal per-
turbation of the solid/melt interface can then be found
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as a function of time from equations (22) and (32) in
the form

—@+1) ®
H,(x) = —‘/”M Y [4,0(1/2+n,1/2;4)
n=0

+B,A0(1+n,3/2;4%)]. (39)

It can be shown from the asymptotic properties of
the hypergeometric function and equations (33)-(38)
that the series in equation (39) (and hence that in
equation (32)) is absolutely convergent for all 4, p,
and 7. We also note that the method of this section
can be employed for more general functions T%(t),
provided they permit a convergent power series
expansion in the range under consideration.

2.3. Inverse problem—prescribed H (1)

In certain cases, we may have more information
about the advance of the melt/solid boundary than
about the temperature history of the mold surface.
Such information might be obtained for example by
examination of the crystal structure of the finished
casting or from observations of the solid shells from
an interrupted casting process. It is therefore of in-
terest to consider the case in which the function H(t)
is prescribed and the perturbation in the mold tem-
perature, T, is to be found.

We note from equation (39) that if 7} permits a
power series expansion in powers of 7, the cor-
responding perturbation in shell thickness can be
expanded in a series of odd half powers of 1. The
simplest case of the inverse problem therefore occurs
if the given function H (r) has such an expansion, i.e.
if

Hi@ =Y g+t

n=0

(40)

It then follows that the temperature field can again be
described in the form of equation (32). One equation
for the unknown coefficients A4,, B, is obtained by
eliminating H, between equations (39) and (40) and
equating coefficients of powers of 7, to obtain

A, W(n+1/2,1/2)+B,iW(n+1,3/2) =

¢’ ), @1)
A second equation is obtained by eliminating H, (1),
T\(4, ©) between equations (23), (32), and (40) giving

44,)nW(n+1/2,3/2)+B,W(n,1/2)=

2w (124j+4%
e 120 (n—j)

The solution of equations (41) and (42) is routine,
after which the unknown perturbation in mold tem-
perature T'% can be recovered by substituting for 4,
B, into equation (32) and setting ¥ = 0.

Other forms of the function H () can be accom-
modated by taking different values of « in equation

42
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FI1G. 2. Growth of the solidified shell with a sinusoidal vari-
ation in mold temperature: F\/AT, =02, 1 = 0.1.

(31). For example, if H, has a Taylor series expansion
near t = 0, the odd half powers of t are required,
leading to the representation

T,(Y,7) =e " ¥ 1+ V2D, ®(1+n,1/2; Y?)

n=0
+E,YO(3/2+n,3/2; Y] (43)
from which

-(t+).2) ©

H@ =Y o7 = — °—T Y '[D,0(n, 1/2; 4?)

FEA®(n+1/2,3/2;40)].  (44)

As before, equation (44) defines one equation for
the unknown constants, D,, E, and a second equation
is obtained from equations (23), (43), and (44). We
note that the series in equation (44) cannot contain a
constant term, since the physical statement of the
problem demands H, « H, for all 7 (see Fig. 1) and
H, = 0at 7 = 0. In equation (43), the second hyper-
geometric function can be expressed in terms of an
Hermite polynomial.

More generally, the temperature distribution might

be represented in integral form, treating « (= 4s) asa .

parameter, i.e.

T,(Y,1) = e+ J‘w T[AEP(1/2+5,1/2; YY)
)

+B(s)YO(1+5,3/2; Y?)]ds  (45)

in which case the boundary conditions for either
the direct or the inverse problem will lead to a pair
of integral equations for the unknown functions
A(s), B(s).

3. DISCUSSIONS AND RESULTS

Figure 2 shows the position of the solid/melt inter-
face at various values of the dimensionless time, 7, for
the case where 4 = 0.1 and the perturbation in mold
temperature is constant and equal to 20% of AT, (i.e.
p=0,F/AT,=10.2).
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FiG. 3. Variation of amplitude of thickness variation with
time for a constant mold temperature perturbation.

As long as the sinusoidal perturbations in dimen-
sionless shell thickness, H,, and mold temperature,
T*%, are sufficiently small, they are linearly related
and hence a more general presentation of results
can be achieved by plotting the ratio

—H,() AT,
Hy(r) Fy

as a function of 7. It is convenient to introduce a
negative sign in definition (46), since a perturbation
corresponding to a local increase in mold temperature
will produce a local decrease in solidified shell thick-
ness.

Results for various values of 4 are given in Fig. 3.
Notice that in the limit, A — 0, HT becomes indepen-
dent of 7, whereas at larger values of 4, HT decays
with 7, indicating that the sinusoidal component in
the shell thickness grows more slowly than the mean
thickness. The value of HT as v —+0 depends only
upon the constants A,, B, and is shown as a function
of 4 in Fig. 4.

As might be anticipated, an exponential variation
in the sinusoidal component of the mold temperature

HT = (46)

HT

Fi1G. 4. Growth rate of thickness perturbation at small values
of time. -
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HY

FI1G. 5. Variation of shell thickness for an exponentially
varying mold temperature perturbation: A = 0.5.

has a major effect on the growth of the corresponding
term in the shell thickness, as shown in Fig. 5 for
A=0.5. In cases where p > 0, the solution will of
course only satisfy the smallness criterion (see equa-
tion (9)) for a limited period of time which depends
upon the magnitude of the initial perturbation.
Finally, we give some results for the inverse problem
in which the solid/melt boundary is prescribed to grow
according to the expression H,(t) = go/7. The
required perturbation in mold temperature as a func-
tion of time is shown in Fig. 6 for various values of A.
In general, the variation in mold temperature must
increase with time to preserve a constant growth in
H,, as might be expected from the results shown in
Fig. 3. We note that g, must be sufficiently small
to ensure that (T3 /AT, « 1 for all 7 for the linear
perturbation solution to be appropriate.

4. CONCLUSIONS
The heat conduction problem has been investigated
in which a one-dimensional solidification process is

=0.0
40 A70.08

aof
=T, (07} o1
€AT, 20

FiG. 6. The inverse problem. Mold temperature perturba-
tion required to maintain a th;:kness perturbation, H,(t) =
€04/ T-
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perturbed by the superposition of a small spatial
sinusoidal variation in temperature parallel to the
plane of the mold surface. In particular, solutions
have been obtained for the temperature field and
the advance of the solid/melt boundary for the case
where the mold temperature varies sinusoidally with
position. We also briefly discussed the inverse
problem, in which the solid/melt boundary has a pre-
scribed sinusoidal shape as a function of time and the
corresponding mold temperature is to be found.

The results of the present analysis can be used in
determining the residual thermoelastic stress in a cast-
ing with a non-uniform mold temperature. This prob-
lem is the subject of an ongoing investigation.
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SOLUTIONS DE PERTURBATION SINUSOIDALE POUR LA SOLIDIFICATION PLANE

Résumé—Une méthode de perturbation linéaire est utilisée pour résoudre le probléme de conduction
thermique bidimensionnelle dans lequel un liquide, initialement a la température de fusion, se solidifie sur
un plan dont la température est approximativement uniforme, mais qui contient une petite perturbation
sinusoidale dans une dimension d’espace. Les résultats sont obtenus pour une perturbation sinusoidale a
la frontiére bain/solide en fonction du temps et pour la distribution de température dans le solide. Ces
résultats sont exprimés par une série de fonctions hypergéométriques confluentes qui posséde une bonne
convergence pour des valeurs réelles des propriétés des matériaux et de températures. On discute aussi
brieévement le probléme inverse dans lequel la frontiére bain/solide est prescrite et sa température doit étre
déterminée.

SINUSFORMIGE STORUNGSANSATZE FUR DIE EBENE ERSTARRUNG

Zusammenfassung—FEs wird eine lineare Stérungsmethode benutzt, um das zweidimensionale Wirme-
leitungsproblem zu losen, bei dem eine Fliissigkeit, die sich anfénglich auf Schmelztemperatur befindet,
erstarrt. Dies geschieht durch Wirmeiibertragung an eine ebene Form, deren Temperatur niherungs-
weise einheitlich ist, aber in einer Raumrichtung ¢ine leichte sinusférmige Schwankung aufweist. Daraus
folgt eine sinusférmige zeitabhéngige Storung der Erstarrungsfront. Ergebnisse hierfiir und fiir die Tem-
peraturverteilung im bereits verfestigten Mantel werden mitgeteilt. Diese Ergebnisse werden mit Hilfe einer
Reihe konfluenter hypergeometrischer Funktionen ausgedriickt, die eine gute Ubereinstimmung fir prak-
tische Werte der Materialeigenschaften und der Temperatur zeigen. Das inverse Problem, bei dem die
Erstarrungsfront vorgeschrieben und die Temperatur der Form zu bestimmen ist, wird ebenfalls diskutiert.

PEWIEHME [J1 3ATBEPAEBAHMSA C IINIOCKON 'PAHULIEN ITPM CUHYCHUIOAJIBHOM
BO3MYIMEHUH

Amsoraims—MeTonoM Bo3MyIIeHHI pellraeTCA AByMepHas 3anada TeIUIONPOBOAHOCTH, B KOTOPO#H XHA-
KOCTb C MEPBOHAYAJILHOH TeMNEpaTYpo# ILUIABJICHHS 3aTBEPACBACT 33 CYET TEILIOMEPEHOCA K [LUIOCKOH
npecchopMe, TeMIepaTypa KOTOPOit MOYTH MOCTOAHHA, HO HMEET MaJIO¢ CHHYCOMNIA/IbHOE BO3ZMYILEHHE
no oxHoit xoopaunate. [osydens! pe3ynbTaThi 418 BOSHHKAIOILErO CHHYCOMAANBHOIO BO3MYLUCHHS KaK
GyHKXIMH BpEMEHH Ha FPAHHNE PAacIUIaBa B TBEPAOTO BEIUECTBA M [UIA HIMEHEHHS TEMIEPATYPH BO Beei
TBepno#t ¢daze. 3TH pesyinLTaThi NPEACTABNIEHH B BHAE DAAA MO THNEPreOMETPHYECKHM GyHKUHMAM,
XOPOIUO CXOASKINErocs s peaibHbIX 3HA4YCHMl XapakTEePHCTHK BelllecTBa H Temmepartypul. Kpartko
ofcyxnaercs obpaTHas 3a4a49a, B KOTOPOH 3a/laHa rpaHHIa MEXAY PACILIaBOM H TBEPIBIM BELIECTBOM,
a TeMnepaTypa npeccHopMbl NOMAIEKHT ONPEHEICHHIO.



